AMENABILITY CONSTANTS FOR SEMILATTICE 

ALGEBRAS 



MAHYA GHANDEHARI, HAMED HATAMI AND NICO SPRONK 

Abstract. For any finite commutative idempotent semigroup 5", a semi- 
lattice, we show how to compute the amenabihty constant of its semi- 
group algebra t^{S), which is always of the form 4n + 1. We then show 
that these give lower bounds to amenability constants of certain Banach 
algebras graded over semilattices. We also demonstrate an example of 
a commutative Clifford semigroup G for which amenability constant of 
i^{G) is not of the form 4n + 1. We also show there is no commutative 
semigroup with amenability constant between 5 and 9. 



I 

In conjunction with V. Runde [I3|, the third named author proved that 
for a locahy compact group G, G is compact if and only if its Fourier-Stieltjes 
algebra B(G) is operator amenable with operator amenability constant less 
than 5. In a subsequent article examples of non-compact groups Gi 
were found for which the operator amenability constant is exactly 5. In re- 
lated work of Dales, Lau and Strauss Corollary 10.26], improving on [161 
Theorem 3.2], it was shown that a semigroup algebra (.^{S) has amenability 
constant less than 5, if and only if S is an amenable group. For the multi- 
plicative semigroup Li = {0, 1}, it is known that the amenability constant 
of i^{Li) is 5. These parallel facts are not coincidences since for the spe- 
cial groups Gi, mentioned above, B(Gi) is -graded over Li, i.e. there are 
1-operator amenable subalgebras Aq and Ai such that B(Gi) = Ai, 
and ^0 is an ideal. 

We are thus led to consider the general situation of Banach algebras 
graded over semilattices, i.e. commutative idempotent semigroups, which 
we define in Section [2j To do this, in Section [T] we develop a method for 
computing the amenability constants associated to finite semilattice alge- 
bras. The results in Section [T] have a similar fiavour to some results from 
those in the recent monograph p], and are very similar to some results of 
Duncan and Namioka [4]. However, our method is explicit and quantitative, 
and thus is a nice complement to their work. In Section [2] we obtain a lower 
bound for the amenability constant of Banach algebras graded over finite 
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semilattices. We show a surprising example which indicates our lower bound 
is not, in general the amenability constant. We show, at least for certain 
finite dimensional algebras graded over linear semilattices, that our lower 
bound is achieved. We close with an answer to a question asked of us by 
H.G. Dales: we show that there does not exist a commutative semigroup G 
such that 5 < KM{(.^{G)) < 9. 

There are natural examples of Banach algebras from harmonic analysis, 
due to Taylor [l7j , Inoue [9j , and Hie and Spronk ^ i8j , to which our tech- 
niques apply. We recommend the reader to [7] and [H] for more on this. 
We feel that ideas developed here may lead to a tool to help classify which 
locally compact groups admit operator amenable Fourier-Stieltjes algebras 
B(G). Our hope is that the operator amenability constants AMop(B(G)) 
can all be computed. We conjecture they are a subset of {4n + 1 : n € N}, 
motived by Theorem 11.71 and Theorem 12. 2^ below. We hope that these val- 
ues will serve as a tool for classifying for which groups G, B(G) is operator 
amenable. 

Interest in amenability of semigroup algebras, in particular for inverse 
semigroups and Clifford semigroups, goes back at least as far as Duncan 
and Namioka [4J. Gr0nbffik [5j characterised commutative semigroups G 
for which i^{G) is amenable. A recent extensive treatise on ^-'^-algebras of 
semigroups has been written by Dales, Lau and Strauss [3], which includes a 
charaterisation of all semigroups G for which i^{G) is amenable. Biflatness 
of i^{S), for a semilattice S, has recently been characterised by Choi [1]. 

0.1. Preliminaries. Let ^ be a Banach algebra. Let A denote the 

projective tensor product. We let m : A^^ A ^ A denote the multiplication 
map and we have left and right module actions of .A on ^ A given on 
elementary tensors by 

a-{b (g) c) = {ab) c and (6 (g) c)-a = 6 (g) (co). 

A bounded approximate diagonal (b.a.d.) is a bounded net (-Da) in A®"' A 
such that {m{Da)) is a bounded approximate identity in A, i.e. 

(0.1) \miam[Da) = a and \mim{Da)a = a for each a in ^ 

a a 

and {Da) is asymptotically central for the ^-actions, i.e. 
(0.2) lim(a-L>Q, — D^-a) = for each a in A. 

a 

Following Johnson [lOj, we will say that a Banach algebra A is amenable if 
it admits a b.a.d. A quantitative feature of amenability was introduced by 
Johnson in [11], for applications to Fourier algebras of finite groups. The 
amenability constant of an amenable Banach algebra A is given by 

AM(^) = inf jsup ll^all^ : (Da) is a b.a.d. for a| . 

The problem of understanding amenable semigroup algebras in terms of 
their amenability constants has attracted some attention [TBI E] • 
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We call A contractible if it admits a diagonal, i.e. an element D in A 
for which 

(0.3) am{D) =a = m{D)a and 

(0.4) a-D = D-a 

for each a in A. Note, in particular, then A must be unital and the norm 
of the unit is bounded above by AM(^). 

If ^ is a finite dimensional amenable Banach algebra, then A A is 
a finite dimensional Banach space, so any b.a.d. admits a cluster point D. 
Since any subnet of a b.a.d. is also a b.a.d., the cluster point must be a 
diagonal, whence A is contractible. 

We record the following simple observation. 

Proposition 0.1. If A is a contractible commutative Banach algebra, then 
the diagonal is unique. 

Proof. We note that A ^ is a Banach algebra in an obvious way: (a ® 
6)(c (S) d) = (ac) (S) (bd). If D is a diagonal, then (a (S) b)D = a-D-b = {ab)-D 
for a, b in A, by commutativity. Hence if D' is another diagonal 

D'D = m{D')-D = l-D = D 

and, similarly, D'D = DD' = D' . □ 

It will also be useful to observe the following. 

Proposition 0.2. Let A and B be contractible Banach algebras, with re- 
spective diagonals D_a and Djg, then A^"' B has diagonal 

Da® Dee {A ®^ A) ®^ {B B) ^ (A (g)^ B) ®^ {A ®^ B). 

Proof. It is simple to check the diagonal axioms (|0.3p and ()0.4p . □ 

1. Amenability constants for semilattice algebras 

A semilattice is a commutative semigroup S in which each element is 
idempotent, i.e. if s € S" then ss = s. If s, t G S we write 

(1.1) s<t ^ st = s. 

It is clear that this defines a partial order on S. We note that if 5* is a finite 
semilattice, then o = Ylses ^ is a minimal element for S with respect to this 
partial order. We note that if S has a minimal element, then it is unique. 
Also if S has a unit 1, then 1 is the maximal element in S. 

A basic example of a semilattice is V{T), the set of all subsets of a set 
T, where we define <tt = o" fl r for a, r in V{T). The minimal element is 0, 
and the maximal element is T. We call any subsemilattice of a semilattice 
'P(T) a subset semilattice. This type of semilattice is universal as we have 
a semilattice "Cayley Theorem": for any semilattice S, the map s i-^ {t G 
S:t<s}:S^ V{S) {ox s ^ {t e S \ {a} : t < s} : S ^ V{S \ {a})) is an 
injective semilattice homomorphism (by which o i— > 0). 
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For any semilattice S we define 

£^{S) = < X = x{s)5s ■ each x{s) G C and = \x{s)\ < oo > 
I ses ses ) 

where each 5s is the usual "point mass" function. Then 1^{S) is a commu- 
tative Banach algebra under the norm |[-||-|^ with the product 

\ses J \tes J r&S \st=r J 

In particular we have 6s*5t = Sst- We shall consider the Banach space 
£^{S), of bounded functions from to C with supremum norm, to be an 
algebra under usual pointwise operations. The Cayley map, indicated above, 
extends to an algebra homomorphism S : i^{S) — > £'^{S), given on each 5s 
by 

(1-2) nSs) = X{t<,S:t<s} 

and extended linearly and continuously to all of £^{S). Here, xt is the 
indicator function of T C S. The map S is called the Schiitzenburger map; 
see [i, §4] and references therein. 

We note that if S is finite, then S is a bijection. In this case a formula 
for its inverse is given by 

(1.3) j:-\xs) =Y.Kt,s)6t 



t<s 



where Xs = X{s} ^^id ^ : {(t, s) : 5x5 : t < s} ^ M is the Mobius function 
of the partially ordered set {S, <) as defined in [151 §3.7]. Our computations 
in this section will be equivalent to explicitly computating /i, though we will 
never need to know /j, directly. 

It follows from f^, Theorem 10] that £^{S) is amenable if and only if S is 
finite. Thus it follows ()0.3p that £^{S) is unital if S is finite. If S is unital, 
then Si is the unit for £^(S). If S is not unital, the unit is more complicated. 
We let M{S) denote the set of maximal elements in S with respect to the 
partial ordering (jl.ip . 

Proposition 1.1. If S is a finite semilattice then the unit is given by u = 

(1.4) u{p) = l-Y,<t) 

t>p 

for each p in S and we adopt the convention that an empty sum is 0. More- 
over 

(1.5) ^7x(s) = l. 

se5 
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Proof. While we have already established existence of the unit above, let 
us note that we can gain a very elementary proof of its existence. Indeed 
since S : 1^{S) —>■ £°°(S) is a bijection, u = Ti^^{xs) is the unit for ^1(5"). 
If p G S then 



Sp = Sp*u = j ^ u{s) (5p + 

5>p / S<p 



\ 



\tp=s 



6s. 



J 



and thus, inspecting the coefficient of 5p, we obtain (jl.4p . Note that if 
p € M{S) the formula above gives u{p) = 1, and for any s in 5 \ M{S) we 
have Ylt&stp=s ~ Thus, if we select p in M{S) we have 



^u{s) = n(p) + E 



and thus obtain (11.51). 



\ 



, tes 

\tp=s 



□ 



We note that if is a finite semilattice then S\M{S) is a subsemilattice, 
in fact an ideal, of S. We also note that S'xS' is also a semilattice and the 
partial order there satisfies 

(s, t) < {p,q) <^ s < p and t < q. 

The following gives an algorithm for computing the diagonal for £^{S). 

Lemma 1.2. Let S be a finite semilattice. Then the diagonal 

D= E d{s,t)6s®dt 

(s,t)GSxS 

satisfies, for all {p,q) in SxS, 

(a) d{p,p) = u{p) - E d{s,t); 

{s,t)>{p,p) 
st=p 

(b) if q^p, then d{p, q) = — d{p, t) and d{q, p) = — d{s,p) ; and 

t>q s>q 

(c) d{p,q) = d{q,p). 

Thus, each d{p, q) is an integer, and for distinct elements p, q in M{S) we 
have d{p,p) = 1 and d{p, q) = 0. 

Proof. The equation (|0.3p gives us 



(1.6) Y.uip)5p 



u 



E d{s,t)5st = Yl 



pes 



{s,t)€SxS 



pes 



\ 



E ^(^'^) 



1 (s,t)esxs 

\ st=p 
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Since st = p necessitates (s,t) > {p,p), we examine the coefficient of 6p to 
find 

(1.7) uip)= Yl d{s,t) 

(.s,t)>{p,p) 
st=p 

from which we obtain (a). In particular, if p € M{S) we obtain an empty 
sum in (a) and find d{p,p) = 1. The equation ()0.4p imphes that 5q-D = D-5q 
and hence we obtain 

(1.8) d{s,t)5qs®5t= Y d{s,t)Ss^Stg. 

{s,t)esxs {s,t)esxs 

If g ^ p then there is no s in 5 for which qs = p. Hence examining the 
coefficient of 5p {8> 6q and 5q ^ 6p, respectively, in (jl.Sp . yields 

(1.9) o = Yd{p,t) and ^c/(s,p) = 0. 

t>q s>q 

Hence we have established (b). In particular, q,p G M{S) we have an 
empty sum in (b), so d{p, q) = 0. 

We can see for any pair {p, q) with p q, so p ^ q or q ^ p, that d{p, q) 
is determined by coefficients (s,t) > {p,q)- Hence by induction, using the 
coeficients d{p, p) and d{p, q) for distict maximal p, g as a base, we obtain 
(c). For example, if q G M{S \ M{S)), then (b) implies for every p > q that 

d{p,q) = -^(i(p,t) = -d{p,p) = -1 

t>q 

and, similarly, d{q,p) = — 1. 

It is clear, form the above induction, that each d{p, q) is an integer. □ 

Let us see how Lemma [L2] allows us to compute the diagonal D of 1^{S) 
for a finite semilattice S. 

Step 1. We inductively define 

(1.10) So = S,Si = S\ M{S), ...,Sk+i = Sk\ M{Sk) 

and we let n{S) = mm{k : Sk+i = 0}, so Sn(s) = {o} and S'„(5')_|_i = 0. 
Step 2. We label S = {sq, si, . . . , S|5|_i} in any manner for which 

i > j and Si £ Sk =^ Sj £ Sk- 

Thus, the elements of M{Sk) comprise the last part of the list of Sk for 
A; = 1, . . . , n{S). In particular, sq = o and S|5|-i G M{S). 

Step 3. The diagonal D will be represented by an |5|x|5| matrix [D] = 
[d{si,Sj)]. The lower rightmost corner will be the |M(5')| x |M(5')| identity 
matrix. We can then proceed, using formulas (b) and (a) from the lemma 
above, to compute the remaining entries of the lower rightmost (|M(S')| + 
l)x(|M(5)| + 1) corner of [D], etc., until we are done. 
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In order to describe certain semilattices S, we define the semilattice graph 
T{S) = {S,e{S)), where the vertex set is S and the edge set is given by 
ordered pairs 

e{S) = {{s, t) G SxS : s > t and there is no r in S* for which s > r > t}. 

To picture such a graph for a finite semilattice S it is helpful to describe 
levels. Let Sq,Si, . . . , 5„(5) be the sequence of ideals of S given in (|1.1U|) . 
For s in 5 we let the level of s be given by 

A(s) = n{S) - k where s G M{Sk). 

Note that for the power set semilattice V{T), X{a) = \a\, the cardinality 
of a. However, this relation need not hold for a subsemilattice of V{T), as 
is evident from the Example 11.41 below. A 6-element, 4-level semilattice is 
illustrated in (|2:7|) . 

We apply this algorithm to obtain the following examples. We denote, 
for a finite semilattice S, the amenability constant 

AM{S) = AM{e^{S)) = \\D\\^ = \d{s,t)\ 

(s,t)e5x5 

where we recall the well-known isometric identification £^{S) 0'^ £^{S) = 
e{SxS). 

Example 1.3. Let Ln = {0, 1,2, ... ,n} be a "linear" semilattice with oper- 
ation st = s At = min{s, t} . Then we obtain diagonal with (n + 1) x (n + 1) 
matrix 



[D] 



Hence AM(L„) = 4n + 1. 

Example 1.4. Let = {o, si, . . . , s„} be the n + 1 element "flat" semilat- 
tice with multiplications SiSj = o if i ^ j. Then we obtain unit 

u = 6sj^-\ h 5s„ + (1 - n)6o 

and diagonal with (n + l)x(n + l)-matrix 

"n + l -1 -1 ... - 



2 


-1 .. 





0" 


1 


2 ■• 











■• 


2 


-1 





.. 


. -1 


1_ 



Hence AM(F„) = 4n + 1. 
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Example 1.5. Let = {o, si, . . . , s„, 1} he the unitasation of F^, above. 

Then we obtain diagonal with (n + 2) x (n + 2) matrix 

.2 



[D] 



n 



n + 2 
-n 



—n 
n — 1 



-n 
2 



-n n — 1 
1 -1 



Hence AM(F^) = 4n^ + 4n + 1. 

The next example is less direct than the previous ones, so we offer a proof. 

Example 1.6. Let Pn = ^{{1, . . . , n}) with multiplication st = sDt. Then 
the diagonal D has 2" x 2" matrix which is, up to permutative similarity, the 
Kronecker product 

2-1] r 2 -ll , . , 

^ ■ ■ ■ <Si ^ [n times). 

Hence AM(P„) = 5". 

Proof. If s € Pri let Xs '■ {Ij . . . ,n} — > {0, 1} = Li be its indicator func- 
tion. It is easily verified that the map s i — > Xs • L^n — ^ L^ is a semi- 
lattice isomorphism. Thus there is an isometric identification = 
^^(Li) (^^ ■■■ (^^ i^{Li). Then it follows from Proposition MM above that 
D = Di • • • (8i -Di where Di is the diagonal for i^(Li), which, by the 
algorithm has matrix 

2 -1" 
-1 1 ■ 



[Di 



The amenability constant AM(P„) can be easily computed by induction. □ 

We have the following summary result. 

Theorem 1.7. If S is a finite semilattice, then AM(5) = 4n + 1 for some 
integer n > 0. All such numbers are achieved. 

Proof. We first establish that for p in 5, d{p,p) > 0. This does not seem 
obvious from Lemma 11.21 We use a calculation from [T| §3] which exploits 
the Mobius function. We have that S : i^{S) — > £°°{S) is invertible and 
D = J2resXr "S) Xr is the diagonal for £^{S). Thus, using (II. 3p . we have 
that 



D 



^-1 



res' Vses 



{s,t)£SxS \reS / 
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is the diagonal for i^{S), where fl{s,t) = ^{s,t) ii s < t and /u(s,t) = 0, 
otherwise. Inspecting the coeficient of 6p ® 6p we obtain 

(1.11) dip,p)=Y,HP,rf>'^>0 

res 

since jl{p,p) = fJ-iPiP) = 1 by [151 §3.7]. We now observe, using (|1.7p and 
then ([13]), that 

d{s,t)=Y E d{s,t)=Y^{p) = l. 

{s,t)esxs p£S{s,t)eSxS pes 

st=p 

By symmetry, ii p ^ q then \d{p,q)\ + \d{q,p)\ = d{p,q) + d{q,p) mod 4. 
Hence we have 

AM{S)= Y \d{s,t)\= E d{s,t) = l mod 4. 
{s,t)eSxS is,t)£SxS 

Finally, Examples 1 1 . 31 and 1 1 . 41 provide us with semilattices admitting amenabil- 
ity constants 4?7- + 1, for each integer n > 0. □ 

We now gain a crude lower bound for AM(S') which we will require for 
Proposition 12.41 



Corollary 1.8. For any finite semilattice S we have AM(S) > 2\S\ — 1. 

Proof. We have from (|l.lip that d{p, p) > 1 for each p in S. It then follows 
from (11. 9p that for p > o we have X]t>o dip, t) = from which we obtain 
\d{p,t)\ > 1. It then follows that 

AM(5) = Yl ^ dio,o)+Y idip,p) + Y\diP^*)\ 

{s,t)&SxS P>0 \ t^p 

>1 + (|5|-1)2 

and we are done. □ 

We note that if S is unital, then for p < 1, u{p) = and since d{s,t) = 
d{t,s) for {s,t) > {p,p) we find from Lemma 11.21 (a) that d{p,p) is even; in 
particular d{p,p) > 2. The proof above may be adapted to show AM(S') > 
4jS'| — 3, in this case. We conjecture the estimate AM(5) > 4|5| — 3 holds 
for any finite semilattice S. 

2. Banach algebras graded over semilattices 

A Banach algebra A is graded over a semigroup S if we have closed sub- 
spaces As for each s in S such that 

j[ = i^-^ and As At C Ast for s, t in S. 

ses 
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We will be interested strictly in the case where 5 is a finite semilattice. 
Notice in this case each As is a closed subalgebra of A. The next propo- 
sition can be proved by a straightforward adaptation of the proof of [14^ 
Proposition 3.1]. However, we offer another proof. 

Proposition 2.1. Let S be a finite semilattice and A be graded over S. 
Then A is amenable if and only if each As is amenable. 

Proof. Suppose A is amenable. If s G 5, then A^ = At is an ideal 

in A which is complemented and hence an amenable Banach algebra (see 
[12\ Theorem 2.3.7], for example). It is easy the check that the projection 
TTs : A^ ^ As is a quotient homomorphism. Hence it follows that if (D^) 
is an approximate diagonal for A'^ then (vr^ (8) tTs{D^)^ is an approximate 
diagonal for As- (This is quotient argument is noted in |12i Corollary 2.3.2] 
and O Proposition 2.5].) 

Now suppose that each As is amenable. Let Sq, Si, . . . , 3^(3) be the se- 
quence of ideals from (jl.lOp . For each n = 0,1, ... ,n{S) we set An = 
®s&Sn '^■^ observe, for each n = 0, 1, . . . ,n{S) — 1, that we have an 
isometrically isomorphic identification 

An/ An-{-l — ^ - As 

where multiplication in the latter is pointwise, i.e. AsAt = {0} if s 7^ 
t in M{Sn). The pointwise algebra ®s€M{s„) amenable as each 

As is amenable; if (Ds^a) is a bounded approximate diagonal for each As, 
then in 

A ) ®W A ) = i^- As ®^ At 

the net of elements Da = Yls€M{s„) ^s,a is an approximate diagonal. Thus 
if An+i is amenable, then An must be too by [HI Theorem 2.3.10]. The 
algebra An{s) = -^o is amenable, and hence we may finish by an obvious 
induction. □ 

In the computations which follow, we will require one of the following 
linking assumptions which are very natural for our examples. 

(LAI) For each s in 5 there is a bounded approximate identity 
{us^a)a in As, such that for each t < s and at S At we have 
limo Us^aat = at= hniQ, atUs^a- 

(LA2) For each s £ S there is a contractive character Xs '■ As ^ C 
such that for each s, t in 5, G As and at € At, we have Xstio-sbt) = 
Xs{as)xt{at)- 

Notice that in (LAI), each {us^a)a is a bounded approximate identity for 
A'^ = £^-0j<;^^f. Thus since A^ is an ^^-module, Cohen's factorisation 
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theorem [61 32.22] tells us that 

(2.1) for each a in there is Vg G As and a' in A'^ such that a = Vga' . 

There is a right factorisation analogue, and the result also holds on each 
As module At, where t < s. We note that (LA2) is equivalent to having a 
contractive character x : "4 ^ C such that x\Aa = Xs foi^ each s. 

We note that many natural Banach algebras, graded over semilattices, 
which arise in harmonic analysis, satisfy (LA2). However, (LAl) can be used 
whenever each component algebra ^4^ admits no characters. For example, if 
we have a (finite unital) semilattice S, a family of algebras {^^jsgs each hav- 
ing no characters, and a system {ryf : s, t € S, s > t} of homomorphisms, we 
can make l^- ^g&s ^ Banach algebra by setting a^at = ril^{as)r]\^{at) 

for tts in As and at in At- (This construction is analagous to that of the Clif- 
ford semigroup algebras which will be presented in Section [2.11 below.) 

This brings us to the main result of this article. 

Theorem 2.2. Let A he a Banach algebra graded over a finite semilattice 
S such that each As is amenable. If we have either that (LAl) holds, or 
(LA2) holds, then kM{A) > AM(S'). 

Proof. A is amenable by the proposition above. 

Let us suppose (LAl) holds. We let for each p in S , -Kp : A ^ Ap the 
contractive projection. We define for a,b & A, np^a b) = 7rp(a) (g) b and 
{a(gib)TTp = a^7rp{b). Clearly these actions extend linearly and continuously 
to define iTpD and DiTp for any D A A. 

We let (Da) be a bounded approximate diagonal for A and 

D= d{s,t)6s®6t 
{s,t)esxs 

be the unique diagonal for i^{S). We will prove that for p,q G S and a G A^, 
be A'l that 

(■^) Wm. am{-KpD q)b = d{p,q) ah. 

a 

This requires induction and we will need some preliminary steps. 

Suppose that q ^ p \n S, say q^p. If f g G Aq then (j0.2p implies that 

(2.2) \\m.T[p{Dci-Vq)-Kq = VlUlT: p{v q- D a)TT q = 0. 

We note that on an elementary tensor m. A® Awe have 

(2.3) m{TTp{a ^ b-Vq)iTq) = ^ Trp{a)7rt{b)vq = ^ m{iTp{a (g) b)iTt)vq 

t>q t>q 

Now if 6 € we find Vq G Aq and b' in A'^ such that b = Vqb' by (pTj) . We 
then have, in analogy to Lemma 11.21 (b). using (j2.2p and (|2.3p 

(bi') limN m{T:pDaTTt)b = \mimiT:p{Da-Vq)T:q\b' = {)-b' = {). 

t>q 
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Similarly we see 

(b2') lim} bm(TTsDaTTp) = 0. 

a ^ — ' 

s>q 

Note that if p, g G M{S) with p ^ q, then then (bi') takes the form 
\\mm{i:pDa'Kq)h = = d{p,q)b 

a 

and a simlar version holds for (b2'). Thus (■^) holds in this case. 
Now we show that for p ^ S and h in that 

(2.4) lim TTp {m{DoS)h = u{p)h 



where u = Ylpes'^^P)^p ^^"^ i^{S). By ()2.ip there are in Ap 

and 6' in such that b = Vpb' . We have that 

lim m(Da)vp = lim.y T:s{m{Da))vp 



s£S 



lim 



^7rs(m(i:»Q))t;p + ^TTs{m{Da))vp 

s>p s^p 

from which it follows that 

lim.''^^7rs{m{Da))vp = lim n p(m{D a) Vp^ = Vp 
s>p 

and hence 

(2.5) lim'^^TTg[m{Da))b = lim""^^ it s{m{D a)) Vpb' = Vpb' = b. 

s>p s>p 

In particular, if p G M{S), then 

lim TTp {^m{D a)) b = b = u(p)b. 



Then the equation (|2.4p follows inductively from (j2.5p and (jl.4p . using the 
case of maximal p as a base. 

Now we establish an analogue of Lemma ll . 21 (a) . For an elementary tensor 
a b in A iS) A, we have 

(2.6) TTp{ab) = ^ TTs{a)'iTt{b) = ^ m[TTs{a ^ b)TTt) . 



{s,t)>{p,p) 
st=p 



(s,t)>{p,p) 
st=p 



It then follows from (El) and ¥XM that for b A^ 



(a') 



?/(p)6 = lim y m(TTsDctiTt)b. 



is,t)>{p,p) 
st=p 

Note that if p G M{S), then by Proposition ll.il (a') becomes 
d{p,p)b = b = limm{7TpDaTTp)b. 

a 

Thus (-^) holds in this case. 
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We now prove (■^) by induction on pairs {p, q) in SxS with pairs (p, q) G 
M{S)xM{S) as a base, li p G S, the induction hypothesis is that for 
a,beAP 

limam{TTsDaTrt)b = d{s,t)ab for {s,t) > {p,p) with st = p. 
a 

Notice that in the hypothesis above we have C Ci A^, and, moreover, 
either t ^ s or s ^ t. But then it follows from (a') and Lemma 11.21 (a) that 



lim am^TTpDaTTp 



(s,t)>{p,p) 
st=p 



ab = d{p,p)ab 



which establishes (■^) in this case. Also, \i q ^ p, say q'^p-, then for a in A^ 
and b in A'^ the induction hypothesis is that 

lim amfvTp-D Q,7r()6 = d(p,t)ab for t > q. 
a 

Combining this with (bi') and Lemma 11.21 (b) we obtain the equation (■^) 
for this case. We can use (b2') in place of (bi') above, to acheive (-^) with 
p and q interchanged. 

We now use (-^) to finish the proof. Let for p,q in S 

\\ab\\ 



r]{p, q) 



sup 



aGAP,beAi \W\ \M 

We note that our assumption (LAI) provides that r/(p, q) > 0. For e > let 



in A^ and b^ in A"^ be so 



|ffle II libel 



> (1 — e)r]{p, q). Then by (-^) we have 



\d{p,q)\ WdebeW = lini\\asTn{-KpDaiTq)b£\\ < liminf \\aem{-KpDaTTq)\\ \\bs 



< lim inf ■ 

a 



\\aem{7rpDa7rq)\\ 

lOell \\m{TTpDaTTq) 



\ae\\ \\be\\ \\m{TrpDa1Tq)\\ 

< r]{p,q) lloell liminf ||m(7rpZ?„7r„)|| 

a 

which implies 

{I - e)\d{p,q)\ < liminf ||m(7r„L'„7r„) II < liminf llvrpL'aTrg || . 

a r ^ a I 

Thus 

AM{S)= \'iiP'Q)\< Yl limjnf llTTpD^Trgll^ 

(p,q)eSxS (p,q)eSxS 

< liminf ||7rpZ)a7r„|| = liminf ||Z)a|| < sup ||I)q,|| 

a ^ — ' la „ 

{p,g)eSxS 

where the equality (f) holds because of the isometric identification 

A^^A = (i^-^As) (^'-0AJ =f- As^^At. 
\ ses / \ ie5 / {s,t)esxs 
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Thus we have finished the case where we assumed (LAI). 
Now suppose we have (LA2). The map 

U:A^e\S), Uia) = Y,Xs{7rs{a))6s 
is a contractive homomorphism. Hence it follows that if (^Da 

) is a bounded 

approximate diagonal for A then (ll{Da)) is an approximate diagonal for 
i^{S). Thus the limit point, i.e. unique cluster point, D of (11(1)^)) satisfies 
\\D\\^ = AM(5), whence sup„ \\DJ^ > lim, ||n(D,)||^ > AM(5). □ 

It might seem plausible that in the situation of the theorem above, if it 
were the case that AM{As) = 1, for each s, then AM(^) = AM(S'). Indeed 
this phenomenon was observed for S = Li, in a special case in [14:\ Theorem 
2.3]. However this does not seem to hold in general, as we shall see below. 

2.1. Clifford semigroup algebras. Let be a semilattice, and for each 
s in suppose we have a group Gg, and for each t < s a homomorphism 
rjf : Gg ^ Gt such that for r > s > t in S we have 

Vt = idCs and 7?^or^| = r]l 

then G = [J^gg Gg (disjoint union) admits a semigroup operation given by 

XsVt = v'stixs)vlt{yt) 

for Xg in Gg and yt in Gt- It is straightforward to check that G is a semi- 
group, and is called a Clifford semigroup, as such a semigroup was first de- 
scribed in 12\. We note that the set of idempotents E{G) is {eg}g^s, where 
Cg is the neutral element of Gg, and E[G) is a subsemigroup, isomorphic to 
S. It is clear that 

^i(G)=^i-0£i(G,) 

s&S 

and that 1^{G) is thus graded over S. Note that (.^{G) satisfies (LAl) by 
design, and satisfies (LA2) where the augmentation character is used on 
each t{Gg). As with semilattices we will write AM(G) = AM(£i(G)) 

Consider the semilattice S = {o, si, S2, S3, S4, 1} whose graph is given 
below. 

(2.7) ^ 1 _ 




S3 S4 
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Using the algorithm fohowing Lemma 11.21 with the semilattice ordered as 
presented, we obtain diagonal D with matrix 



(2i 



[D] 



6 
-2 
-2 


-2 

1 



-2 
2 
1 

-1 





-2 
1 
2 

-1 





Thus we obtain amenability constant AM(5') = 41. 

Now let n > 2 be an integer and Gn be the Clifford semigroup graded 
over S for which 



G 



{ea, a, . . . , a" ^} and G 



n,S3 



n,Si 



{ei} for all i 7^ 3 



and all connecting homomorphisms are trivial. Here, {es, a, . . . , a"~^} is 
a cyclic group, and each other {ei} is the trivial group. This is a finite 
dimensional commutative amenable algebra, and hence admits a unique di- 
agonal by Proposition lO.il It is straightforward to verify that if we order the 
semigroup {o, ei, 62, 63, a, . . . , o"~^, 64, 1} we obtain matrix for the diagonal 



(1 



6 


-2 


-2 


(1 — n)/n 


l/n . . 


l/n 


-2 


1" 


-2 


2 


1 


-l/n 


-l/n .. 


. -l/n 








-2 


1 


2 


-l/n 


-l/n .. 


. -l/n 








— n)/n 


-l/n 


-l/n 


(n + l)/n 


.. 





1 


-1 


l/n 


-l/n 


-l/n 







l/n 








l/n 


-l/n 


-l/n 





l/n 











-2 








1 


.. 





2 


-1 


1 








-1 


.. 





-1 


1 



Notice that values in positions (o, 63), . . . , (o, a"""*^) sum to 0, the value in 
the (0,53) position in (j2.8p above. Similar results holds for all submatirices 
with indicies from {63, a, . . . , a"^^}. Summing absolute values of all entries 
in the matrix we obtain amenability constant AM(G„) = 41 + 4(n — l)/n. 
Thus 

Tl — 1 

AM(G„) = 41 + 4 > 41 = kM{S). 



n 



The constant AM(G2) = 43 is the smallest amenability constant we can find 
for an commutative semigroup which is not of the form 4n + 1. 



2.2. Algebras graded over linear semilattices. We note that if G is a 
finite Clifford semigroup, graded over a linear semilattice L„, then AM(G) = 
AM(L„) = 4n + 1. Indeed, this holds more generally, by the following 
proposition. 
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Proposition 2.3. If A = ^i-®kGL -^k is a graded Banach algebra which 
satisfies (LAI), and Ak is contractible with AM{Ak) = 1 for each k in Ln, 
then AM(^) = 4n + 1. 

Proof. We have from Theorem [22] that AM(^) > AM(L„) = 4n + 1, hence 
it suffices to exhibit a diagonal D with < 4n + 1. We will show that 

such D exists by induction. 

Write Ln = {0,1,..., n}. We identify L^ as an ideal of L„ for each 
A; = 0, 1, . . . , n — 1 in the usual way. Let us note that if {uk,a) is a bounded 
approximate identity for Ak, which satisfies (LAI), then the unit of Ak 
is the limit point of (ttfc,o), and hence is the unit for A^ = d-^-^j/zi^ Aj. 
Note, moreover, that the assumption that AM{Ak) = 1 forces ||efc|[ = 1. 

Let e > 0. Suppose for k < n we have a diagonal D'' for A'^ with 
< 4A; + 1 + e. For A; = 0, such a diagonal exists as AM(^o) = 1- We 

let 



Dk+i = ^ aj (g) 6j, ai,bi e Ak+i 

i=l 

be a diagonal for Ak+i with < Ikill ll^ill < ! + We then set 

oo 

^ ai-{{ek+i - Ck) ® (efc+i - Cfe) + D^) -bi. 



i=l 

Clearly 

-)fe+i 



7 



< (4 + (4A: + 1 + e))(l + e) = 4(A; + 1) + 1 + 0{e) 



Applying the multiplication map, and noting that m{D'^) = e^, we have 

oo 

= ^ ai{ek+i - ek - Ck + Ck + m{D^))bi 

i=l 
oo 

= ^ aiCk+ibi = m{Dk+i) = Cfc+i 

i=l 

so (j0.3p for 1)'^+^ is satisfied. Now if a G Ak+i then by property (j0.4p for 
Dk+i we have X]£i('^^«) = X^i^i o-i ® [ha], so it follows that a-D'^^^ = 
D^^^-a. Now if a G then each aai G A^ so 

CO 

a-D^+^ = ^{aai)\{ek+i - e^) ® (e^+i - e^) + D^) -bi 

i=l 
oo 

= ^([aai(efe+i - Ck)] ® (e^+i - e^) + {aai)-D^)-bi 

i=l 
oo 

= ^D^-{aaibi) = D^-a = a-D^ 



1=1 
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which, by symmetric argument, is exactly the value of D^^^-a. Since any 
a € A^~^^ is a sum a = TTk+i{a) + (a — TTk+i{a)) where, 7rk+i{a) G Ak+i and 
a - TTk+iia) €A'',we obtain for D''+^. □ 

We note that to generalise our proof of the preceding result to amenable 
but not contractible Banach algebras, we would require at each stage ap- 
proximate diagonals such that ||m(Z)Q)|| = 1, which we do not know 
how to construct, in general. We point the reader to [13j Theorem 2.3] to 
see a computation performed on a Banach algebra graded over Li. 

We note that we can modify the proof of Proposition 12.31 to see that a 
Banach algebra A = h-^seF^-^s graded over F2, where each As is con- 
tractible with AM{As) = 1, satisfies AM(^) < 45. This is larger than 
AM(F2^) = 25 from Example 11.41 We have found no examples of such 
Banach algebras A with AM(^) > 25. However, we conjecture only for 
semilattices S = Ln, that a Banach algebra A = ^i-^^^g As graded over 
S, where each As is amenable with AM(^s) = 1, satisfies AM(^) = AM(S'). 
It would be interesting to find non-linear unital semilattices over which this 
conjecture holds. 

2.3. On allowable amenability constants. We close by partially answer- 
ing a question posed in [3j. There it is proved, that there is no semigroup 
G such that 1 < AM(G) < 5. It is further conjectured that there are no 
semigroups G for which AM(G) € (5,7) U (7,9). In [3] there is an example 
given of a noncommutative semigroup G with AM(G) = 7. For commutative 
semigroups there is a further gap. 

Proposition 2.4. There is no commutative semigroup G such that 

5 < AM(G) < 9. 

Proof. Since G is commutative, it is proved in [5, Theorem 2.7] that if i^{G) 
is amenable, then G is a Clifford semigroup, whose component groups are 
abelian, graded over a finite semilattice S. If AM(G) < 9, then by Theorem 
12.21 then AM(S') < 9 and hence by Theorem 11.71 and the corollary which 
follows it we have 

2|5'| - 1 < AM{S) < 5 

so |5| < 3. Clearly, if \S\ = 1, S = Lq, and if \S\ = 2, S = Li. If 
l^l = 3 then S is either unital, in which case S = L2, or S has 2 maximal 
elements, in which case S = F2; in either case AM(S') = 9, contradicting 
our assumptions. Thus S = or Li. But it then follows by a straighfor- 
ward adaptation of [13\ Theorem 2.3] that AM(G) = 1 or 5. In particular 
AM(G) < 5. □ 
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